We obtain the elliptic curve and the Seiberg-Witten differential for an N = 2 superconformal field theory which has an E 8 global symmetry at the strong coupling point τ = e πi/3 .
Introduction
Four dimensional N = 2 superconformal theories with an unbroken U (1) gauge group are in one to one correspondence with Kodaira's classification of toroidal singularities.
There are 7 strong coupling conformal points, which have a global symmetry that is either A 0 , A 1 or A 2 , E 6 , E 7 or E 8 , or D 4 .
The D 4 case is of course the celebrated Seiberg-Witten result for SU (2) Super QCD with four hypermultiplets in the fundamental representation. The A 0 , A 1 and A 2 cases can be derived from D 4 by taking appropriate limits for the masses in the theory.
The D 4 theory has associated with it an elliptic curve and a differential λ SW . The deformations of the curve are determined from the bare masses in the theory as well as the bare coupling. A crucial property of λ SW is that it has poles in which the residues are linear combinations of the bare masses. Furthermore, it was shown in [1] that this is sufficient to completely determine the curve.
Of course, the E N theories cannot be derived from the D 4 case. However, one can assume the existance of λ SW for each of these theories, with the property that the residues of λ SW are linear combinations of N mass parameters that determine the deformations of the elliptic curve. In [2] , it was shown that this is enough to completely determine the curve for E 6 . In this paper, we extend this analysis to the cases of E 8 and E 7 .
We will also find an interesting surprise, namely, there exists other superconformal theories for E 6 and D 4 as well as E 7 . We find that one can construct a Seiberg Witten differential based on the adjoints of these groups. As it happens, the elliptic curve for the adjoint case is the same as the fundamental. But since λ SW is different, the monodromies are different and hence the content of the physical states are different. Unlike a gauge symmetry, a global symmetry is a real symmetry of observable particles, and one can determine what representation these particles live in. A λ SW constructed from the adjoint representation will necessarily lead to physical states living in the adjoint representation.
This also has another interesting consequence for D 4 , the adjoint case is invariant under SL(2, Z), and not just a semi-direct product of SL(2, Z) with SO(8) triality.
The surfaces that we describe are elliptic fibrations of del Pezzo surfaces. Such surfaces have appeared in the context of string theory [3, 4, 5] as well as in the study of 5 dimensional gauge theory [6, 8, 9] . It is hoped that the results presented here will be useful for F -theory considerations [10, 11, 12, 13] , such as the calculations of BPS masses.
In section 2 we discuss how one finds a set of rational curves for the case of E 8 . In section 3 we discuss the derivation of the E 8 curve and compute λ SW . In section 4 we discuss the flows to the E 7 , E 6 and D 4 theories. In section 5 we present our conclusions.
Most of the results are contained in the four appendices.
Lines, Parabolas and Perfect Squares
Consider the elliptic curves with an E n singularity
where we have chosen the factors of two for later convenience. These curves describe del Pezzo surfaces. These curves have relevant deformations, the number of which can be easily found by comparing the dimensions of x, y and ρ. This number is n, the rank of the group. It is convenient to express these deformations in terms of the SO(16) subgroup for
for E 7 and SO(10) × U (1) for E 6 . Hence, for each of these cases, we have n mass parameters that live in the Cartan subalgebra of these subroups.
We also assume that there exists a Seiberg-Witten differential λ SW for each of these theories, which satisfies
and which is allowed to have poles in the x plane whose residues are linear combinations of the masses discussed in the previous paragraph. In order for this to happen, it must be true that at the positions of the poles, y 2 is a perfect square in terms of ρ and the mass parameters.
In [1] it was shown that such poles can appear in the D 4 case at the positions
where β is a dimensionless quantity that depends on the bare coupling and θ depends on the mass parameters. The Seiberg-Witten differential will have four such poles on each sheet, and one is free to choose a vector, spinor or spinor bar representation for these poles.
In [2] it was shown that in the E 6 case, the positions of the poles also satisfy (2.3), except in this case, β is proportional to the residue for the particular pole. There are 27 such poles, in one to one correspondence with the dimension of the representation.
As it turns out, the E 7 case also has poles described by (2.3) . But an inspection of (2.1) shows that the poles for the E 8 case cannot have this form, since the curve has a ρ 5 piece and hence the leading term in ρ would have an odd power if x is linear in ρ. Obviously, y 2 cannot be a perfect square in this situation. Hence if a Seiberg-Witten differential is to exist, the poles would have to at least have the form 4) in which case y would be cubic in ρ.
There is another dilemma involving the poles for E 8 , and it is related to the problem of the poles being given by parabolas and not lines in the x − ρ plane. The fundamental representation for E 8 is its adjoint. Accordingly, if some mass parameters are taken to infinity, the curve should flow to an E 7 curve. The E 8 adjoint representation then flows to representations of the E 7 subgroup, which is comprised of the adjoint and two fundamentals. Hence, if λ SW exists for E 8 , then there must also exist another λ SW for E 7 . This argument can be extended to E 6 and D 4 , that is, each of these theories has an λ SW with poles that transform in the adjoint representation for these groups. In all of these cases the poles are described by parabolas in the x − ρ plane.
Since the dimension of λ SW is assumed to be one, in all cases, the dimension of ρ 2 /x is two, thus γ is dimension negative two. As it will turn out γ equals 8π 2 /(Res) 2 , where
Res is the residue for the pole.
We can use homogeneous variables and express the curves in (2.1) as curves in the projective space P 3 . Hence, the rational curves in (2.4) are of degree 3 in P 3 . It is well known that the E 6 curve describes a cubic in P 3 , which is isomorphic to a P 2 with 6 points blown up [14] . A systematic counting of rational curves has been carried out for this case (with fixed moduli), where it was found that there are 72 distinct degree 3 curves (plus another 12 with arithmetic genus 1) [15] . These 72 curves transform under the E 6 Weyl group. We will see that 72 poles do appear when flowing to the E 6 case, with y a cubic in ρ, thus we see that the 72 poles that we have identified are precisely these curves. The 12 with arithmetic genus 1 are singlets under the Weyl group, and so their residues are zero.
For the E 7 and E 8 cases, the curves on the P 3 are isomorphic to del Pezzos constructed from P 2 with 7 and 8 points blown up. For the E 8 case, the degree 3 curve in P 3 maps to a curve of degree 1 on the del Pezzo, while for E 7 , the degree 3 curve on P 3 maps to a degree 2 curve. This must be the case in order to match the counting of rational curves for these surfaces [14, 4] .
The space of curves with degree higher than 1 have moduli [15, 4] . Hence the pole positions for the E 6 and E 7 adjoints seem to be a special choice. The case of generic points in the moduli space is an interesting question and will be considered elsewhere [16] .
The E 8 Case
In this section we explain the derivation of the E 8 curve. All other theories considered in this paper flow from this one. Since E 8 has a maximal SO(16) subgroup, we consider deformations described by eight mass parameters m i . We define the SO(16) invariants T 2n for n = 1..7, where
There is also the invariant t 8 ,
The E 8 curve should be expressible in terms of these independent SO(16) invariants.
Our method for deriving the curve is to turn on masses one by one, allowing for all possible terms in the curve consistent with r-symmetry, holomorphy and the remaining symmetries. This still leaves some ambiguity for the curve. However, the final terms can be nailed down by choosing y 2 to be a perfect square at the poles,
We choose x such that the curve is of the form
By turning on one mass, m 1 , the symmetry of theory is broken to SO (14) . Therefore, we should find a D 7 singularity as ρ approaches zero. Such a singularity satisfies g ∼ ρ 3 , and f ∼ ρ 2 , and has a discriminant ∆ = 4f
Up to a rescaling of m 1 , one finds
We next assume the ansatz that there are poles at x = γρ 2 + βρ + θ. Hence, if we assume that γ = −ρ 2 /h 2 α , where h α is the charge under the Cartan subalgebra for a particular element of the representation, then we see that the first pole corresponds to an SO(16) adjoint and the second pole corresponds to an SO(16) spinor.
Therefore, to ease our search for the E 8 curve we will assume that the contribution of an element of the representation to λ SW is proportional to
and the termsx α andỹ α are polynomials in the masses and ρ.
Turning on another mass m 2 breaks the group down to SO (12) , in which case we should choose the coefficients such that f ∼ ρ 2 , g ∼ ρ 3 and ∆ ∼ ρ 8 . This is not enough information to determine the terms in f and g and one must choose the coefficients such that y 2 is a perfect square along a rational curve in the x − ρ plane. Assuming that the rational curve has the form in (3.7) is sufficient to determine the curve for nonzero m 1 and m 2 . In fact, it is enough to only consider the pole with h α = m 1 + m 2 to find f and g.
With this f and g, one then finds that the other poles corresponding to other elements of the representation are consistent.
One can keep on turning on masses until the generic deformation is obtained and the pole positions are determined. We won't actually prove here that the results presented below are the unique solutions to the ansatz in (3.7) 3 .
The general idea for computing curves and pole positions is as follows. If x is chosen to be quadratic in ρ, then y 2 will be a sextic equation,
where the a n are polynomials in the m i . In order that y 2 be a perfect square, a 0 and a 6 must be perfect squares of polynomials involving the m i . The coefficient a 6 is always 1.
The coefficient a 0 is more complicated. Requiring that it be a perfect square leads to a series of linear equations for the coefficients of the curve and for the pole positions. Once a 0 is found, then we look for an a 1 such that the square root of a 0 divides a 1 . This then leads to more linear equations for the coefficients. Finally, we derive more linear equations by setting to zero the expression
This turns out to be sufficient for determining the complete curve and the poles.
The final results for the E 8 curve are presented in the appendix A. It is convenient to express the curve in terms of a different SO (16) 
. This gets rid of most of the higher powers in T 2 . By inspection, one sees that most of the generic terms in the curve actually have zero coefficient, which is a good thing, otherwise the expression for g alone would have 341 terms instead of the much more manageable 71 terms.
One still has the freedom to shift ρ, removing the ρ 4 term in g. After this shift,
, the coefficients of ρ in f and g we are left with are eight independent
Casimirs of E 8 and hence form a natural basis for the entire set of E 8 casimirs.
We have also given the positions of the poles as well as the corresponding values for y in the appendix. For an SO(16) adjoint pole, the pole position should be expressible in terms of two masses, m i and m j , and the casimirs for the unbroken SO(12) orthogonal to i and j, W n and W 6 .
The residue of the spinor poles are given by
i ±m i , where the number of − signs is even. The state with all + signs has a residue that is proportional to the linear symmetric polynomial of the eight masses. Hence this pole position is expressible in terms of the symmetric polynomials s n , where
In order to show that this pole leads to a perfect square, we need the relation There are some checks that we can do for our curve. We can let all the masses satisfy m i = m and compute f and g. In this case, we find that
This is the behavior for an E 7 singularity. A simple counting shows that this is sensible. Once we have the pole positions and the value of y 2 at these poles we can sum these contributions to the Seiberg-Witten differential. As we have already mentioned, if the masses are such that a residue is zero, because of the form of the sum, the corresponding term can still contribute to λ SW . However, an interesting feature occurs in this situation.
By inspection of eqs. (A.3-A.7), one sees that if the residue is zero thenx α dividesỹ α , leaving a term that is linear in ρ in front of dx/y. Furthermore, the coefficient of ρ is the same for any state. It is also true that only the charged states are summed over, so it is unlikely that the sum of the poles is the complete Seiberg-Witten differential. However, the new piece should be invariant under the E 8 Weyl group and should be at most linear in ρ.
Let us thus assume that λ SW is given by
where the sum is over half of the 240 charged states of the representation and
is the residue of the state, normalized such that an SO(16) adjoint state has h α = ±m i ±m j and the spinor state has h α = i ±m i /2, where the number of − signs is even. The factor in front of the sum is chosen to match the normalization in [1] . The coefficients A, B and C are found by fixing 14) up to a total derivative, where k is to be determined. Given this form the coefficients in λ SW can be derived by considering special values for the m i . In particular, letting
and m 1 = m 2 = m 3 = m determines C. We find that k = 30, the Coxeter number for E 8
(half the index of the adjoint representation), and that λ SW is
Note that the piece without the poles is
whereρ is the value of ρ after shifting to remove the ρ 4 term in g. T 2 is invariant under the E 8 Weyl group, therefore, the entire term is invariant.
Flowing to the Other Cases
We can investigate the E 7 theory by taking two of the E 8 masses to infinity. Accordingly, let m 7 = Λ − φ/2 and m 8 = Λ + φ/2. These variables are the natural variables for the E 7 subgroup SO(12) × SU (2). We also rescale x, y and ρ by x → Λ 4 ρ, y → Λ 6 y and ρ → Λ 2 ρ. Plugging these new values into (A.1) and (A.2) and keeping the terms to leading order in Λ gives the E 7 curve. The values of f and g are given in (B.1) and (B.2),where now the terms in the curve are given in terms of D 6 invariants. It is convenient to replace
In order to express the curve explicitly in terms of E 7 invariants, it is necessary to shift ρ by ( T 2 ) 2 /72 + T 4 /6, which removes the ρ 2 term in f E 7 .
The positions of the poles are also found by using these same scaling arguments.
However, since the adjoint of E 8 decomposes under its E 7 × SU (2) subgroup to 248 = (133, 1) + (1, 3) + (56, 2) (4.1) some of these poles will flow to E 7 adjoints and others will flow to E 7 fundamentals. In fact, it is easy to check that for the fundamentals, the ρ 2 piece scales out of x α , leaving a linear relation between x and ρ.
It should be possible to find a self-consistent λ SW for each representation. Clearly, the coefficient k in (3.13) should split into a contribution of one E 7 adjoint and two fundamentals. Since k is the Coxeter number, this picture is consistent with k splitting into 18, the E 7 coxeter number, and two values of 6, half the index of the fundamental representation.
For the adjoint case, the λ SW is of the form
where the sum is over half of the 126 charged states of the representation. The values forx α andỹ α are found in the appendix. In terms of the SO(12) × SU (2) subgroup, the residues of the poles are of the form (
with an odd number of − signs in front of the m i for the SO(12) spinor. As in the E 8 case, the coefficients A,B, C, D, and E are chosen so that dλ SW /dρ ∼ dx/y. Again, one can find these coefficients by choosing special values for the masses. The final result in this case is that
and with k = 18, the Coxeter number for E 7 . The residues for these poles are (±m i ± φ/2)/(2 √ 2πi) or j ±m i /(4 √ 2πi) with an even number of − signs for the spinors. The term without the poles is clearly proportional to the shifted value of ρ, and hence this term is clearly an E 7 invariant.
For the fundamental case, the positions of the poles are now linear in ρ since the quadratic piece scaled out for these particular states. One can do an analysis similar to the adjoint case, with the result
where the sum is over half the 56 states. The value of k is found to be k = 6. The term without poles in (4.4) is comprised of a shifted ρ, plus a piece that is proportional to the square of the E 7 casimir of weight 2, hence the entire term is an E 7 invariant.
A natural way to flow from the E 7 theory to the E 6 curve is under the scaling m 6 = Λ, For the adjoint case, the Seiberg Witten differential is given by
where the sum is over half of the charged states in the representation. The value for k is found to be k = 12, the E 6 Coxeter number. The residues of these states are (±m i ± m j )/(2 √ 2πi), and the spinors j (±m i /2 ± 3λ)/(2 √ 2πi), with an odd number of − signs for +3λ and an even number otherwise. Curiously, the sum over the poles is the complete differential. Unlike the E 8 and E 7 case, there is no extra piece linear in ρ.
The E 6 fundamental λ SW was given in [2] and was found to be
where the sum is over the 27 charged states of the E 6 fundamental. Since this is a complex representation, the residues on the other sheet are part of the conjugate representation.
Because of this, k = 6, which is the index for the fundamental representation instead of half the index. The residues are of the form +4λ/(2
, where the number of − signs is even.
Finally, we come to the D 4 case. This flow was discussed in [2] . The appropriate scaling is to let x → xΛ 2 , y → yΛ 3 and to set ρ = uΛ, λ = c 1 Λ/6 and m 5 = −c 2 Λ, where c 1 and c 2 are the combination of theta functions defined in [1] ,
Keeping only the leading powers in Λ, f and g reduce to the expressions in (D.1) and (D.2).
The adjoint pole positions and values for y at the poles are given in (D.3) and (D.4).
The Seiberg Witten differential for the adjoint representation is similar in form to the E 6 expression, with λ SW given by
where the sum is over half of the 24 charged states in the representation. We also find that k = 6, the SO(8) coxeter number. As in the case for E 6 , the sum over poles is the entire λ SW , there is no extra holomorphic piece.
Discussion
In this paper we have constructed superconformal theories with E n global symmetries.
We have also constructed Seiberg-Witten differentials based on the adjoints of these groups, as well as λ SW for an SO(8) global symmetry.
The natural question arises whether or not the theories are equivalent to theories where the Seiberg-Witten differential is constructed from the fundamental representation of these groups. At first one might think that they are equivalent since the elliptic curves are the same. So one immediately concludes that the coupling is the same if all parameters are the same. However, the masses of the BPS states are found from λ SW and here it seems that there could be differences. For instance, consider the SO(8) case with all m i set to 0. Then λ SW looks identical for the vector, spinor or adjoint rep. However, the adjoint λ SW has a different normalization, so it would seem that all BPS states that one finds are 6 times heavier than those in the theory with a vector λ SW , since k = 6 for the adjoint and k = 1 for the vector.
If we tried to divide by this factor of 6 to set the masses equal, then another problem arises when we turn on the m i . Then we find that there are monodromies such that the coordinates a or a D shift by (±m i ± m j )/(6 √ 2). No such shifts are possible for the vector λ SW . So we must conclude that the theories are different.
Still, the behavior is surprising for D 4 . The standard lore is that for each pole in λ SW , there is an electric state with charge 1. Hence the electric states are transforming under the adjoint of SO (8) . But by triality, the magnetic and dyonic states also transform under the adjoint representation. We still find that the electric coupling runs to zero in the same fashion as in [1] , even though the electric states are different. The resolution of this paradox must be that the monopoles and dyons somehow contribute to the β-function.
Appendix A. E 8 results
For the curve of the form y 2 = x 3 − f x − g, the curve with E 8 symmetry has f and g given by
where the SO(16) invariants T n , t 8 and T 4 are described in the text. 
where h ij = (m i + m j ) and the variables W n satisfy
We could also choose to change the sign of m j in these expressions. When x = x ij then y 2 is a perfect square, with −y 2 ij given by
The spinor poles are found atx sp = h 2 sp x sp , where h sp = s 1 /2 and Notice that in (A.3)-(A.7), when h α is zero, thenx α dividesỹ α .
Appendix B. E 7 Results
The E 7 curve is derived from the E 8 curve by setting m 7 = Λ − φ/2 and m 8 = Λ + φ/2
and then taking the limit Λ → ∞. Scaling the other variables as described in the text, and keeping only the leading order terms, one finds The SO(12) singlet pole position, x 7 =x 7 /h 2 , where h = φ, is given bỹ
(B.6)
Because of the manner in which E 7 was reached from E 8 , the SO(12) spinor that is part of the E 7 adjoint has an odd number of minus signs. The residue is h sp /(2 √ 2πi), with h sp = (S 1 − φ)/2, and where S 1 is the sum of SO (12) where the S n are symmetric polynomials in the m i but with an odd number of m i replaced by −m i and the termρ isρ = ρ + S 4 The value for y at such a pole,ỹ sp,7 , is given by 
